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1 Potential Agnostic Derivations

1.1 Derivation of s., and its derivatives

The equation of state for any fluid at low and moderate densities can be written in virial
expansion form as

Z=—L =143 Ba(T)p ", (1)

The reduced residual Helmholtz energy is given by

a
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and the excess entropy is then obtained from
1 [/0a* Sex da*
— — = _T r
kB(8T> s (8T) e (7)
PN
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— | = —B 8

T ( ) e ®

8B 8B 1
(9)

In the limit of pxy — 0, —Sex/kp goes to zero too. The number density derivative of the

excess entropy is equal to
E)(—sex/kB) E)B
N TeX/ B/ =T m—
("), - |5 ()

+§:B (10)

=T [E?};) + (%ﬁ;ﬁ pN - ] +[By+Bspn+...]  (11)

and thus in the limit of zero density this derivative is equal to

mn<a—(1&‘/—@>T:T(@%>+B2 (12)
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The temperature derivative of excess entropy is given by
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and the temperature/density cross derivative of excess entropy is given by
0?(—Sex/kB) Par Par
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1.2 Dilute gas limit

To begin we consider the scaled viscosity and its dilute-gas limit

N n 02/3

li = — 19
p;glo U A /kaT 02/3 ( )
We want the dilute gas limit of this term, so we define a new proxy variable
o (nT/mkgT —Sex/kB
nt=|——- = — (20)
Ui PN
and take its zero-density limit
T 9ex k 0
lim 5 — lim —o/ks 0 (21)
pN—0 pN—0 N 0

Still indeterminate... Application of I'Hopital’s rule to this indeterminate form and substi-
tution of Eq. yields

lim 7* = lim
pn—0 pN—0
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) T
PN

The dilute gas limit of n™ is equal to
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resulting in

lim gt = —ex20 | p 45 . p . (25)
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The approach for thermal conductivity and self-diffusion is analogous, resulting in

lim A\t = _ Ao T dB, +B 7 (27)
pN—0 ]{ZB\/ kBT/m dr ?
A* dB* 2/3

dbn [ (1) ] )

In the case of self-diffusion, the product of density and self-diffusion is considered, rather
than the self-diffusion alone because the product pxyD (or equivalently p*D*) is finite at zero
density. Therefore the mathematical approach for the self-diffusion is analogous, resulting
in

. D) pn>0 dB; 2/

lim Dt = PD)exo [ B 2

o JkeT/m a ) 7 29)
* D dB: 2/3

1.3 2/3 is Special

Suppose that we are interested in a power of residual entropy in n* other than 2/3, in this
case with the exponent w. To begin we consider the scaled viscosity

w—+ 77 T w
" = g (=5"/R)". (31)
pi/gx/kaT

We want the dilute gas limit of n“*, so we define a new proxy variable

= <nw+\/7kaT>3/2 _ (—se/hm) F

n PN

(32)

And as before, apply 'Hopital’s rule to the indeterminate limit

B gyt (2

lim 7n** = lim

pn—0 pN—0 !

Ip
p

. 3w sw_y ((O(—Sex/kB)
= 1 —_( — 2 J—
im (—Sex/kB) ( p .

(33)
This limit will be identically equal to zero if (3w/2) — 1 is any value other than zero; 0¥ = 1.
In order to make (3w)/2 — 1 equal zero, w must be equal to 2/3 to have a finite value of the
limit at zero density. The exponent of 2/3 is indeed special, and the only value that can be
used.
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1.4 Dilute Gas Correction Terms
In Kim and Monroe,>! the collision integrals were all obtained with empirical forms equal to

6 B(l s) "
Q(l,s)* _ A(ls Z C( s)<1H<T*))k (34)
k=

The higher-order correction terms f£3), fis), f 1(72 ) are obtained from Equations 31 to 36 of
Kim and Monroe. Implementations of the higher-order correction terms, as well as all the
necessary coefficients, are included in the Python file implementation.py.

1.5 Critical Enhancement to Conductivity

In engineering units, Olchowy and Sengers®? gives the critical enhancement

RD PNC NkBT
A= —"—"L"""(Q-Q
o e ) (35)
Q= 2 [(1—r")arctan(y) + £~ 'y] (36)
m

20=2 |1 () o
with K = ¢,/co, y = §/(ap"), 6 = p/pe.

A/ )
§=2% PcpPN AU [(M) _ E (M) :| A/ 9
VAN Op ;s T ap .
Defining new reduced variables £* = £/o, £§ = /0, substitution and cancellation results in
e =g (2 )/ (2T T (2T ]/ 0
"\ (pp)? op* T dp* T+

And the critical enhancement contribution is a bit more complicated:

AN kgy/e/m R—s( k) TE) o o) (40)

S e
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yielding

and y = €/(qp')*
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2 Data Analysis

2.1 Data Tables
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Table S4: Nomenclature for Tables , , and .

Notation Description
2G Two-gradient (NEMD )543
2G-G Global two-gradient (NEMD )53
2G-L Local two-gradient (NEMD)®33
BHE Boundary heat exchange (NEMD)534
Bn Berendsen thermostat®>#
at* Time-step (reduced LJ units)
EMD Equilibrium molecular dynamics
ER Einstein relation (EMD)
GI Gaussian isokinetic thermostat>36
GK Green-Kubo (EMD)
H Homogenous (NEMD )=47538
LJTS Lennard-Jones truncated-and-shifted
LRTC Long-range tail corrections
N Number of particles
Nq Number of data points
NEMD Non-equilibrium molecular dynamics®3
NH Nosé-Hoover thermostat=40541
NVE Constant number of molecules, volume, and energy
NVT Constant number of molecules, volume, and temperature
Teut Cut-off distance (reduced LJ units)
RP Reverse perturbation (NEMD )>427542
SLLOD | Homogenous planar shear equations of motion (NEMD )>40:47
SSPP Steady-state periodic perturbation NEMD528
thy Equilibration time (reduced LJ units)
t od Production time (reduced LJ units)
TCAF Transverse autocorrelation function (EMD)®4®
TS Thermostat
VR (Canonical sampling) velocity rescaling thermostat®™4”
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3 Larger figures

3.1 Rosenfeld scaling
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Figure S1: Rosenfeld-scaled viscosity values from simula-

SASGHSI0ISI0SIASIASIIS20052205250532850551 - o1 the Lennard-Jones 12-6 potential
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Figure S2: Rosenfeld-scaled thermal conductivity values from simulationsS#S658/SI0S10/516/ 525
for the Lennard-Jones 12-6 potential.
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Figure S3: Rosenfeld-scaled self-diffusion values from simulationsS#S4:S6-S10S104ST5S501S51] - foy
the Lennard-Jones 12-6 potential.
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3.2 Novel scaling
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low curve is the fitted correlation.
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Figure S5: Detailed view of the gaseous region of the novel scaled viscosity data from simu-

lations for the Lennard-Jones 12-6 potential.
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Figure S6: Overview of all the novel scaled thermal conductivity dataS#S6:S8/SI0/S10/S16:525
from simulations for the Lennard-Jones 12-6 potential. The yellow curve is the fitted corre-
lation.
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Figure S7: Overview of all the novel scaled self-diffusion®
simulations for the Lennard-Jones 12-6 potential. The yellow curve is the fitted correlation.
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3.3 Uncertainty in D

The uncertainty in D , considering the uncertainty in n* and D} is given by

u(D) = \/ (2 wonge + (222) oy

where

oD%, _,
oD% )
oD:\  T*x -1
on* ) 6mL* (n*)?

We take constant and conservative absolute uncertainties of

w(D%) = 0.01D%

u(n®) = 0.1n"
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3.4 Data plots

In the following subsections, plots are provided for each of the datasets, and for each tem-
perature that appears in the dataset, the value in the zero-density-limit is plotted with a
star. These figures allow for a sense of the coverage of each of the individual datasets, and
to see graphically whether the data are consistent with the zero-density-limit. The figures
are small, and intended to be viewed on the computer zoomed in.

3.4.1 Thermal Conductivity

v
25 Baidakov 2014 12 Borgelt 1990 10 Bugel 2008
1 12
20 i
° 20 : 10 10
o 8
.' 18 250 3.6
15 oge F §
" 16 i 225 8 . ! 32
Y 6 , H i
i " ' 200 i 2o
10 o e s 6 .
“ il . s < 21,
4 B {
o 150 . l 20
iJL 1
s 16
; 4 0 w2 . gl
§o 2 1.00 N HR | 12
. 8 ®° 06 B ]
@ @ oswmoo® o 075 N I e 08
o J I
0 0
- -2 -2
(X3 2 o3 X X T 12 14 oo ¥ 71 3 o3 1o oo o2 71 3 o3 1o
o o o
16 Galliero 2009 25 1988 Heyes 1988
o
1
50
20
2 . 8.0 10 10
H 72 9 40 9
10 : 15 .
: 64 K 8 s
. ' 5 & , » 7
oo
. 18 10 . 05 6 6
6 10 . Sa 5 20 5
. o . . .
. 32 0o, o £y o
4 H o 5 3. 3 o 2o 3
8o P 10 o 293 P
I 16 L . 2 e ,
: 00 %
B 3 08 4 1 g 9 0 eceat®"® 1
B o .
H o ]
o
2 -
00 0z o7 s 08 0 12 00 02 o7 G o8 T 12 T4 X} 0z 01 o X o 12 T4
o o P
35 Heyes 1990 10 Hoheisel 1990 30 Lautenschlaeger (global) 2019
a0 o .
8 H 2 .
. H
25 60 H
sa 33 = 8 90
6
3.0 L]
; o 48
20 a 5 ° . 7.5
° 12 2 15 E
° 24
w15 36 4 . . 8 3 60
W & 21k R &
[ 30 10 g
18 ] 15
10 e 24 H 1
B 1s H 10
o 18 [
. s 12 s ¢ |
s 12 1 0o g i i 1s
3 ]
] ’ o
o
- - -
00 03 01 3 X 1o 2 1 Y 03 o1 3 o3 o 0% 0z o1 G X T i3 T4
o o o
1 : 7
12 (local) 2019 20 Levesque 198 12 Meier 2002
10
15
B +13
f 275 0.0585
8 4.0
. 8 250 R 0.0570)
36 oo
225 355
6 & 3z 0
2.00 0.0540
o 2.8 6
* » . . R 00525
4 5
2.0 5 1.50 0.0510)
16 125 4 . 0.0495
2 o= 12 oo 0.0480)
' 08 o 075 I
2 °
0 8
o B
.o
o @ °
-2 - o
X3 03 o1 3 o3 ) 0z o1 o6 08 ) 12 %0 0z 01 0% o8 1o 12
o o "

S18



10 Mountain 2006 12 Nasrabad 2006 6 Vogelsang 1987
"
H - 1.26
o 33 8 8
o 30 g 8| | f °
H i 114
6 s 16 108
" : A g ! w3
21k o 8
.
" i
2 0.90
B 15 g # 120 )
) ..
& 12 8 105
' 0.9 8
. i \
,
A
1
o o o
0 Vogelsang 1988
8 1]
:
o H
. .
-
coL
21k
"
-
i3
‘ 0.9
.
;
Self-Diffusi
3.4.2 elf-Diffusion
o Baidakov 2011 0.40 Borgelt 1990 Costigliola 2019
[ oo
i
. 8
:
fo 20 030 % 50 . 10500
1.6 015: 2.25 40 .

. P o 6000
,i 12 i 0. 1(1-‘ 30 . L
0.10 (] . . . 4500

.
o1 ff ° 20 . .
0.8 1.25 . 3000
] L : o . .
0100y . 8 10 . . H . 1500
0 M . 0.75 3 . .
R I i | i
- 4 l
o ’ o
8 Costigliola 2019 SI 10 1988 06 Heyes 1983
3 i
v
N
N 25 10 ] s
* 200 I o 9 04
she 06 o e 10
- 175 ° 8 ] °
. R . 8 B 35
Al w 150 7 03
N s | B ey . o la oL .
N Woa R ° sk . 25k
H 75 3 R o M4 | . . 8 20
. o oo ° .
r . ) o1l oae ]
25 > . ° °
! » ! N . o
,
o o o

S19



oD*

oD*

L
o Heyes 1988 0 Heyes 1990 o (global) 2019
e
06
08 sl
a 10 05 60
» ° 9 54 w 920
06 B N 06 o
8 o
o 04 48 o N
R M o o o o 75
° 7 42 e ° ° ° °
. ° . r . e s & e o N
0.4 o o 6 2 o3 36 2 oaf . ° o a 6.0
B = e = a . e . ° ° )
. . . 30 F . . o 45
. ° o N ° [ . o °
. g N 02 . 24 4 L. °
0.2 . . 3 . @ 0.2 * e - M - 3.0
LI o r . . R 18 ' . e . .
o gt o 2 ° . o
o1 . 12 15
o8, 00 o Bag, o . 5
LR X" ¥ - T 1 . . ]
00 ) % ® . 00
0.0 M °
-0z 01 -0z
00 02 04 06 08 T0 T2 14 00 02 04 05 05 10 T2 7 16 00 02 04 06 08 T0 T2 14
o o o
s L (local) 2019 Meier 2004 o Michels 1978
05
l ool *
6.0 ° 55
04 o a4 °
E @ 05 ° ° 5.0
N 48 * . 15
03 ° ° °
. o 42 o 10
° e ° Qo4 °
o ° o S 354
° ° .
02 P e . . 3.0
. ° .
etat R . e * . . -l
e ® e . 3 e 03 ° .
a ® ° .
o djgisire.ce, D . ) 20
l i . 12 . .
H N 15
* .
. . .
01 01
04 06 06 08 0 T2 .00 015 0.20 025 030
P o o
o Oderji 2011 s Rowley 1997 0o Straub 1992
* °
05
o 05 e
° N
15 . ° ° ° o ° o 4.0 ° 4.0
e 28 Foe ° 04
o N o 36 [ 36
° . 24 o4 ° °
° e o ° . o o 32 N 32
o s o
o o
20 [ . e 28 e 28
1.0 203 ° ° o ° a . .
Bl 2 T e W . 24| o 24y,
. ° . . ° ° ° 0z2ft °
12 . . . ° M 2.0
e e e s o & s o o o ° . . ¢ e o 20 * . . o o
e .
8 oz! LI . . . ° ° 0 © 16 I . oo
° . ° ° °
Fieag < e, . "
05 4 [ [} ° o ° 12 °
D Y e e e o » . . . . H . o o o . °
- M . ° H 0.8
o o e e « . e o o 08
¢ 8 8 8 1 . . i i o o
[ S S : Cee . e | S .
| T B | HE B
00 00 01
oo 0.00 oot 0.02 0.0 00 005 0,06 00 0z 04 [ 05 1o T2 0z [ 05 05 0 T2
o o o

S20



3.4.3 Viscosity
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3.5 Correction term of Yeh and Hummer
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Figure S8: The relative correction to self-diffusion data obtained from the correction term
of Yeh and Hummer®>?
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4 Inverse Power Law Potential

n

Inverse-power-law (IPL) potentials of the form U = e(r/o)™™ = (e0™)/r" are another com-

monly considered intermolecular potential.

4.1 Thermodynamics

From Barlow®2?

B2 = B20.3(T*>73/n’ (47)
Sherwood and Mason®*® and Barlow et al.®*¥ give closed form solutions for B, for IPL:

_ 2m

By = ?F(l —3/n) (48)

where I' is the mathematical gamma function. The scaled second virial coefficient is given

by

. _ B

B =2 (49)

therefore B
By = By(T*) ™" (50)

The derivative is given by
* 8B§ D *\—3/n
T (522) = Bal-3/m) o, (51)
With the sum
0B, _ _

7 (G2 ) + B = Balt = 3/n) (1) " = Bul1 = 3/)(T) " (52)

and therefore

(T* (gﬁf) + 35)2/3 = (By(1—3/n))3(T*)~ %", (53)

4.2 Derivations of IPL hardness terms

The formulation of Hirschfelder,®>” with the variable transformation d = o™, yields

2y ke (dhae) e -

(= D) Ay = n+ 1)/2

’[’]:

where Ay(v) comes from the form of Chapman and Cowling,5*® not the value A®(n) of
Hirschfelder.5*? Variable cancellation yields

1

0= Fyer(n)(T4)3 s (55)
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with

9 2/n
()

n

8T As(v = n+ 1)T <4 - 3) |

n

FopL(n) =

(56)

Similar for self-diffusion, from Hirschfelder,® with p = %m for pure component self-
diffusion:

4k3 1 kp \2/M 342
e/ -
pAi(v =n+ 13— 2)/22/m

where again, A;(v) comes from the form of Chapman and Cowling,*® not the value
AWM (n) of Hirschfelder.58 With p = pxkgT', and variable cancellation, the result is

p"D" = Fpei(n)(T*)2*+ (58)
with 2/ 2/
3 2/n)=/m
F = 59
b L) 8T Ai(v =n+1I(3 - 2) (59)
4.3 Collision Integral
Starting off with Enskog dilute-gas viscosity in engineering and simulation units
5 (mksT\'* 1
Tlox—0IPL = 76 7o ( T ) 0(2.2) (60)
. 5 (T\'* 1
Tox—0.IPL = 76 <?) RICEL (61)
after substitution of LHS completely
2\ " 2/n+1/2
- * n+
5(n> (T7) 5 (T\'Y? 1
N “i6\x) e (62)
8y/mAy(v =n+1)I (4 - —)
n
the collision integral Q22 is equal to
2
QE2* = = = (63)

n

)
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The reader should be cautioned that the term Ay (n), in some cases (e.g., Hirschfelder, %
Amdur and Mason™%¥) differs by a factor of 22/® due to its definition, here we use the
definition of Chapman and Cowling.>

The same derivation for the self-diffusion yields:

3 (ksT\'* 1
(pND)p—>0 = @ (W) Q(lvl)* (64)
. 3 /T*\'"* 1
(p*D*)ps0 = ) (?) Q1) (65)
and after substitution of the LHS completely
3 (2/m)¥(T)ite 3 (T\Y? 1 )
8y/mAi(v =n+ 13— %) 8\ Q@)x’
the collision integral Q0-D* is given by
2
Aif(lv=n+1)l (3 - —)
QUDr = z (67)

BieE

The reader should be cautioned that the term A;(n), in some cases (e.g., Hirschfelder, =
Amdur and Mason®%) differs by a factor of 2%/" due to its definition, here we use the
definition of Chapman and Cowling.5%®

4.4 Scaled zero-density transport properties

The value of 5 in the zero-density limit is given by (see Eq. (53))

L Eyn(n)(Tr) 12

: B . 2/3 x\—2/n
lim 7y, = NG (Ba(1 = 3/n))"*(T") (68)
which after cancellation yields
lim vy, = Py (n) (Ba(1 = 3/n))*/%, (69)

where F), 1p1, comes from Eq. . In perfect analogy, the zero-density limit value for D" is
given by
lim Dipy, = Fppr(n)(Ba(1 — 3/n))*>. (70)
where Fp 1pr, comes from Eq. .
The values of the scaled zero-density-limit transport properties for the IPL potential are
plotted in Fig.[S9] and tabular values are given in Table [S5
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Table S5: Calculated values of A;, A, liH(l] D" and liH(l] n* for the IPL potential.
p— p—

The values of A; and A, follow the definitions of Chapman and Cowling.®*® Values
of A; and A, (with the same definition) are also presented in Rosenfeld,>” but
the column headings are erroneously inverted in that work.

0.290

0.285

0.280

0.275

0.270

0.265

0.260

0.255

n

Ay

As

lim D*
p—0

limn*t
p—0

0.4219402
0.3854373
0.3807996
0.3834267
0.3880369
0.3930631
0.4068599
0.4143952

0.4361951
0.3567499
0.330403
0.3187256
0.3128182
0.3096396
0.3065779
0.3065549

0.408922
0.382047
0.371785
0.366335
0.362929
0.360583
0.356481
0.354904

0.263706
0.257981
0.259693
0.262322
0.264822
0.26701
0.271888
0.274144
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n of IPL potential
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Figure S9: Zero-density limit of inverse-power-law potentials
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Figure S10: Ratio of [(p*D*)]1/[n*]1 for Lennard-Jones and IPL potentials. Solid black line
is the Lennard-Jones 12-6 potential, dashed blue lines are the IPL potentials.
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4.4.1 Python/sympy code for calculating A,

nnn

Python 3+ only!

import scipy.integrate
import numpy as np
import mpmath

def _A_1(*,nu,l):

man
Actually do the calculation for A_1l, with the independent variable
nu, where nu = n+1

A1l arguments are passed as keyword arguments
nnn

def integrand(v0):
o = lambda v: 1-v**2-2/(nu-1)*(v/v0)**(nu-1)
def get_v00(v0):
if isinstance(nu,int) and nu < 30:

¢ = np.zeros ((nu,))

c[-1] = 1 # Constant term

c[-3] = -1 #

clo]l = -2/(nu-1)/v0**(nu-1)

roots = np.roots(c)

root = roots[np.isreal(roots) & (roots>0)]

assert(len(root)==1)
return np.real(root [0])
else:
# General treatment with mpmath

lower , upper = (le-16, 10)
return mpmath.findroot (o, (lower, upper), solver=’bisect’,
verbose=False)
def chi(v0):
def inner (v):
return (1-v**2-2/(nu-1)*(v/v0)**(nu-1))**x-0.5
v00 = get_v00(vO0)
val, err = scipy.integrate.quad(inner, O, v00)
return np.pi-2x*val
return (1-np.cos(chi(v0))**1)*v0
val, err = scipy.integrate.quad(integrand, O, np.inf)
return val
A_1_vals = {}
def A_1(*,nu=None,n=None,1=2):

nnn

Main function to calculate the term A_1l as defined by Chapman and
Cowling

A1l arguments are to be passed as keyword arguments.

If the value has already been calculated, it is cached for speed

1 must be provided, and one of nu OR n
nnn
# Convert inputs to nu, if n is provided

if (nu is not None and n is None):
# Nothing to do, not strictly necessary, but useful

# for cleaning up the logical flow

pass
elif nu is None and n is not None:
nu = n+l

else:
raise ValueError ()

if (nu,l) not in A_1l_vals:
A_1_vals([(nu,1)] = _A_1l(nu=nu,l=1)

return A_1_vals[(nu,1)]
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5 The High-Temperature Limit

Correlations for the collision integrals for the Lennard-Jones 12-6 fluid are available in Kim
and Monroe.®! Additionally, an analytic (though requiring numerical integration) solution
for Q22* for the family of IPL potentials is available above. Figure presents the (22
collision integral for the Lennard-Jones 12-6 fluid along with the values obtained for the IPL
potentials, and Figure does the same for the Q(1* collision integral. Up to the stated
maximum of the correlation of 7" = 400, the collision integrals are slowly approaching the
collision integral of the n = 12 IPL, as expected. In the region of extrapolation above T >
400, the collision integral sharply decreases in value, eventually crossing into the negative
region. A negative collision integral value is simply a consequence of Kim and Monroe
not constraining the behavior of the collision integral formulation to smoothly transition to
the n = 12 IPL potential in the infinite temperature limit. Temperatures on the order of
T* = 10° are admittedly well beyond the region where the Lennard-Jones 12-6 potential is a
reasonable model for real molecules; at these temperatures molecules would have been fully
ionized.
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IPL:
n=24j

0.0 L I -
10 102 10® 10%* 105 10°

(a) Collision integral Q(>2)*,
0 —

IPL:
n =24

IV S———— S—
10! 102 10% 10* 10% 10°

(b) Collision integral Q1-1*,

Figure S11: Collision integrals Q¢** for the full Lennard-Jones 12-6 potential from the
correlation of Kim and Monroe™ (in black) as well as the solutions for four hardnesses
of the IPL potential (in colors). The solid part of the curve corresponds to the range of
validity 0.3 < T™ < 400, and the range above T* = 400 corresponds to extrapolation of the
correlation beyond its range of applicability.
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5.1 Rosenfeld re-derivation

The scaled viscosity of the IPL fluid is given by
, 241
MipL = Foaer (n)(T7) =2 (71)

In macroscopically-reduced units, we have

L MipL _ F, n,IPL(n)
e = (p*)2/3(T*)1/2 - ~42/3 (72)

because v = p*(T*)~3/", therefore (p*)?/? = 4*/3(T*)*™. All the temperature dependence
cancels. If then the evaluation of Eq. @ is carried out for the IPL potential, truncated at
the first virial coefficient, with the virial coefficients evaluated from Eq. ,

<ol () o
= " (Bo(1 = 3/n)(T*) ") (74)
= Byy(1—3/n) (75)

Therefore, in the virial expansion truncated after the first term,

and substitution yields
mpL, = Fn,IPL(n)BQ(l - 3/”)(—Sr/k’B)_2/3 = (}g% U&L) (_Sr/k?B)_Q/3 (77)
from which the result of Rosenfeld is obtained:
ihpr, o< (—s"/kg) /3. (78)

For self-diffusion, the same derivation is needed, and F, 1p1, is replaced with Fp rpr..
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6 EoS from Thol et al.

Both of the multiparameter equations of state developed by Thol®%¥5%9 are formulated in
terms of the Helmholtz energy with density p* and reciprocal temperature (7*)~! as indepen-
dent variables. Since the Helmholtz energy is a fundamental property, all thermodynamic
state properties can by calculated by a combination of partial derivatives with respect to the
independent variables. In general, the derivatives are defined as follows

~ N ax e
iy (20, o

oTi007

where 7 = T)/T*, and 6 = p*/p:. Derivatives of the ideal part are marked with the
superscript “0”, whereas the residual part is labeled with “r”.

Some useful thermodynamic properties needed for the calculation of the thermal conduc-
tivity are the

isochoric heat capacity: & = —(AJ, + A, (80)
(1+ A — A1)

(U (81)

isobaric heat capacity: ¢, = ¢, +

*

compressibility: (g];*) = T*[1 + 245, + A, (82)
T*

The quantities marked with an asterisk are reduced quantities defined by T* = T'/(¢/kg),
p* = pad/e, ¢y = cp/kp, ¢, = ¢, /kg, where ¢, and ¢, are per particle quantities.

6.1 Virial coefficients

The second thermal virial coeflicient B; is equal to

e oa* 00
B; =1l = li
27 a0 <8p*)T* 20 ( o) >T (ap*) (83)

with the equation of state given by a form similar to

Tp
o = g N 5% 7t
k=1

14+np+ne

+ Z N 8% 7t exp(—6™) (84)
k=14+np
14+np+ne+ng

+ Z N0 7t exp(—m (6 — ex)? — Br(T — )?)

k=2+np+ne
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and its first § partial derivative given by

80‘r> nzp dp—1t

= Nké k dek

(5) =2
14+np+ne

+ Z Nkédk_l’/'tk G‘Xp(—élk)[dk — lkél’“] (85)
k=14np
1+np+ne+ng

+ Y N exp(—mi(0 — e)” = Bi(T — 1))k — 2mk(S — &)
k=2+np+ne

For this property, only the terms that result in a meaningful contribution to ¢ have to
be considered. Therefore we keep terms with dj, = 1, because they yield 0°=1 in the limit of
zero density (0 = 0) for the derivative 0o /95. Higher order exponents always lead to 09 = 0
for ¢ > 1.

Figure presents the comparison between the virial contributions at high temperatures
for both the n = 12 IPL potential and the Lennard-Jones 12-6 potential. Though at first
glance the infinite temperature limit seems correct, the two models cross at a temperature
on the order of T* = 10°, beyond which they head in different directions.

* 101 300 L L L "Thol et al.
aa] ; E an IPL(n=12)-
So100}
~ 3
]
%«z 1071 |
?” 1072
Il
<Q 10—3 ] ] ] ] ] ] ] ]
1.4

*
IPL(n=12)
[EN
o
T

Thol/ B
o
oo
T

*

B

10! 10? 103 10 10° 106 107 108 10° 1010
T*

Figure S12: Comparison of the equation of state of Thol et al.®* and the n = 12 limit for
the virial coefficient contribution to the +-scaled transport properties

1 S69

Nonetheless, the equation of state of Thol et a provides the best qualitative behav-
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ior of the virial coefficients in the high temperature limit of any empirical model for the
Lennard-Jones potential in the literature that does not yield the correct virial coefficients by
construction (Fig. [S13]). Here we consider the MBWR model of Pieprzyk,>™ but their P1P2
model should in theory reproduce the exact virial coefficients of>™ to arbitrary precision.
No validation data or verification code to that effect was provided in.5%

1.5
Mecke
1.0} Johnson, Kolafa, May s
o
+ O05F s
[
2
0.0 |
~ Nicholas
-0.5 | s
Pieprzyk (MBWR)
_10 1 1 1 1 1 1 | I I
10! 102 103 104 103 106 107 108 10° 10'° 101t
T*

Figure S13: Comparison of the empirical equations of state in the infinite temperature limit
for the virial coefficient contribution to the +-scaled transport properties
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7 Comparisons with existing correlations from the lit-
erature

In this section, we present deviation plots from the Lennard-Jones transport property cor-
relations that are available in the literature. Some general notes on the plots in this section:

e Any values outside the range of £1000% have been plotted at +1000%, but their true
value is used to calculate the error metrics.

e The dashed cyan vertical lines show the approximate location of the liquidus and
solidus lines

e For thermal conductivity, the dashed black vertical lines show the residual entropy
values at the critical points corresponding to the LJTS and LJT equations of state.

e In some cases where large deviations are present, a symmetric-logarithmic y-axis is
used, with a linear scale from -20% to 20% and a logarithmic scale outside that range.
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7.1 Viscosity
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7.2 Conductivity
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7.3 Self-Diffusion
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Figure S21: Results from the correlation of Ruckenstein and Liu.>"
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8 Verification Data

Also included in the SI is a Python script called implementation.py. That file includes all
the correlations, and auto-generated the data in Table[S6 The script uses only functionality
found in the standard library of Python and the numpy library for linear algebra.

Please note that the implementation uses the equation of state for the full Lennard-Jones
12-6 potential of Thol et al.56?
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Table S6: Verification data to ensure correct implementation. Large number
of significant digits provided is to ensure correct implementation and is not
indicative of the uncertainty in the calculated parameters

T*

*

P _Sex/kB

*

n

1.4
1.4
0.8
0.8

0.0 -0.0
0.4 1.050964300807837
0.0 -0.0
0.7 2.531251343524489

0.5799287054157818
0.4112265798032804
0.8926626216861204
1.2068761923853173

2.17507407450368  0.7646575954423214
1.9119361936263055 0.19006346942550134
3.347623987348237  1.1896537025627558
4.450359284997936  0.06877274587113219
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